In order to clarify the developmental mechanism of the local plastic buckling and the interaction between axial wave and buckling deformation in an axially impacted slender-bar, the non-linear dynamic equations in the incremental form are derived and solved by use of the finite difference method, with the axial wave front treated as a moving boundary. The initial local-buckling deflection given by the characteristic-value analysis is used as the initial condition of the solution of the equations, instead of the initial imperfection that is assumed in literatures. It is found that the initial buckling deflection with one half-wave, occurring near the impacted end, develops into the higher post-buckling mode with several half-waves, as the axial compression waves propagate forward. The numerical results show that no strain reversal occurs at the early stage of post-buckling process, and the solution corresponding to the tangent-modulus theory is valid for the dynamic plastic post-buckling response of the bar at this stage. The theoretical results are in good agreement with the experimental results reported in the literature.
Introduction
The plastic buckling problem of straight bars subjected to an axial dynamic loading has been studied extensively (Abrahamson and Goodier, 1966; Hayashi and Sano, 1972a; Lee, 1981; Lindberg and Florence, 1983; Simitses, 1987 Simitses, , 1989 Jones, 1989; Karagiozova and Jones, 1996; Lepik, 2001) . For this problem, the earlier analyses usually assumed that the bar is instantaneously brought to the state of uniform compression 0020-7683/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2005.06.091 stress (Hayashi and Sano, 1972a; Lindberg and Florence, 1983) . Recently, Karagiozova and Jones (1996) , and Lepik (2001) investigated, respectively, the influence of stress wave propagation on the elastic-plastic dynamic buckling of the bar under axial impact.
In the analysis for the non-linear dynamic response of the buckling bar, it is usually assumed that the unstressed bar has an initial imperfection, in the shape of a half sine wave, distributed along the entire bar (Hayashi and Sano, 1972a,b) . In the calculation of integrating the motion equations, the imperfection is used as the initial condition of the solution of the equations. However, the test results (Hayashi and Sano, 1972b) of axial impact buckling for the slender bar show that, when the impact velocity is high, the local buckling occurs near the impact end at an early stage of the impact process. The same situation is illustrated by a sequence of high speed photographs for the dynamic buckling of an aluminum alloy strip under axial impact (Lindberg and Florence, 1983; see Fig. 2 .15 in Lindberg and Florence, 1983) .
In Wang and Tian (2002 , 2003a ,b, 2005 , the twin-characteristic-parameter method was presented to clarify the mechanism of buckling initiation and obtain the critical conditions for the geometrically perfect bar as well as the cylindrical shell subjected to an axial dynamic loading. From the analysis by use of the twin-characteristic-parameter method, it is found that, when a geometrically perfect slender-bar is subjected to the axial impact with a high velocity, an initial local-buckling will occur, near the impact end, at the early stage of the process for the axial compression wave to propagate, from the impact end, towards another end of the bar. Assuming that the process of the impact for the bar is initiated at the instant t = 0, we define the instant i = t cr , at which an infinitesimal buckling deflection occurs near the impact end, as the critical buckling instant. In the duration from t = 0 to t = t cr , the axial compression wave has traveled the distance L cr in the bar.We define L cr as the critical buckling length. At the critical instant t = t cr , the infinitesimal buckling deflection is limited to the region of the length L cr near the impact end, and the part of the bar before the front of the compression wave remains undisturbed. The critical buckling instant t cr and the mode of the infinitesimal buckling deflection can be obtained from the analysis for the critical state by use of twin-characteristic-parameter method Tian, 2002, 2003a, in press) .
In order to clarify the developmental mechanism of the local buckling deformation in the axially impacted slender-bar, it is quite natural that the initial local-buckling deflection is used as the initial condition of the solution for the dynamic post-buckling response, instead of the initial imperfection distributed along the entire bar. In this way, the elastic dynamic post-buckling response of the slender bar subjected to the axial impact was investigated (Wang and Tian, in press ). The theoretical results are in good agreement with the experimental results reported (Lindberg and Florence, 1983; Hayashi and Sano, 1972b) respectively. For the aluminum alloy strip (Lindberg and Florence, 1983) , the length of the first half-wave of the post-buckling mode, predicted by the theoretical analysis of Wang and Tian (in press) , is equal to 11.2 mm, and is close to the experimental value of 11.9 mm given by Lindberg and Florence (1983) . For the Ni-Cr steel bar impacted axially by a striking mass with the velocity v 0 = 6.3 m/s, the analysis of Wang and Tian (in press) gives that, at the post-buckling stage, the maximum bending moment appears at the position x/L = 0.05238, where L is the length of the bar and x the axial coordinate. In comparison, the experimental result of Hayashi and Sano (1972b) is that x/L = 0.05.
In this paper, in order to clarify the developmental mechanism of the local plastic buckling and the interaction between axial wave and buckling deformation in the bar subjected to the axial impact against a rigid wall, the non-linear dynamic equations in the incremental form are derived and solved by use of the finite difference method, with the axial wave front treated as a moving boundary. The initial plastic buckling mode with a small amplitude parameter, obtained by use of the twin-characteristic-parameter solution, is applied as the initial condition of the solution of the non-linear dynamic equations.
In the present analysis, it is assume that the bar is made of the linear strain-hardening material. The tangent-modulus theory and the double-modulus theory are applied, respectively, for describing the relation between the bending-moment and curvature in the dynamic plastic post-buckling deformation. In the relation between the axial stress-increment and strain-increment, both the loading case due to compressive-wave propagation and the unloading case induced by the buckling deformation are taken into account. The validity of the theory is examined carefully by the numerical investigation. The numerical results show that no strain reversal occurs at the early stage of post-buckling process, and the solution corresponding to the tangent-modulus theory is valid for the dynamic plastic post-buckling response of the bar at this stage. The theoretical results are in good agreement with the experimental results reported by Lindberg and Florence (1983) .
Initial compression wave in the bar impacted against a rigid wall
As shown in Fig. 1 , the straight bar with the length L is originally stress-free and moving, at the velocity v 0 , toward a rigid wall. On impact the left end of the bar immediately come to rest. When the stress at the cross-section of the impacted end exceeds the yield stress r s of the material, a plastic compression wave as well as an elastic compression wave is produced by the impact. The elastic and plastic waves travels towards the free end of the bar, at the velocities c 0 and c 1 respectively. It is assumed that the bar is made of the linear strain-hardening material, of which YoungÕs modulus is E, the strain-hardening modulus E t and the density q. The elastic wave velocity c 0 and the plastic wave velocity c 1 are calculated by use of the following equations, respectively.
Assuming that the process of the impact is initiated at the instant t = 0, after a small interval t the elastic wave and the plastic wave have passed the distances L e and L p respectively in the bar.
At this stage, L e is a small quantity in comparison with the value of the length L of the bar, and no buckling deformation takes place in the bar. The axial strain of the bar, produced by the axial compression waves, can be approximately calculated according to the following equations: 
The corresponding axial stress at the cross-section of the bar is expressed as
In Eqs. (2.4a-c), the superscripts (1), (2) and (3) in the stress symbol r x are corresponding to the three regions 0 < x < c 1 t, c 1 t < x < c 0 t, and c 0 t < x < L, respectively.
Critical buckling time and initial buckling mode
As shown in Fig. 1 , the bar is subjected to the axial impact against the rigid wall, and the elastic and plastic compression waves are produced by the impact. If the bar is slender, an infinitesimal initial buckling deflection will occur at the early stage of the process for the compression waves to propagate towards the free end of the bar. The critical length L cr , to which the infinitesimal initial buckling deflection is confined, is equal to the length of the part covered by the elastic compression wave at the critical instant t = t cr , that is, L cr = c 0 t cr . At the instant t = t cr , the part of the bar, before the front of the elastic compression wave, remains undisturbed.
When the impact velocity v 0 is given, the axial stress in the bar is calculated by use of Eqs. (2.4a-c). From Eq. (5.4) in Wang and Tian (2003a) , the expressions for the critical length L cr and the critical time t cr are written as
In Eq. (3.1a), r is the gyration radius of the cross-section of the bar and K denotes the critical load parameter. On the assumption that no strain reversal occurs in the process of buckling initiation, E is equal to the strain-hardening modulus E t , which is corresponding to the tangent-modulus theory. When the double-modulus theory is applied to the analysis, E is taken as the reduced modulus E r (Bleich, 1952) .
The critical load parameter K, the inertial exponential-parameter X in the following Eq. (3.3), and the initial dynamic buckling modes are calculated by the characteristic-value analysis presented in Wang and Tian (2003a) for the plastic dynamic buckling of the straight bar. In the analysis of Wang and Tian (2003a) , it is assumed that the loaded end of the bar is simply supported in the buckling process. According the buckling deformation of specimens in the experiment (see Fig. 2 .23; Lindberg and Florence, 1983) , in the present analysis we assume that, in the process of buckling occurrence, the impact end of the bar remains perpendicular to the surface of the rigid wall and there is no slide between the impact end and the rigid wall. In this case, the clamp condition is applied to the impact end, that is, w 0 ðn; sÞj n¼0;s¼1 ¼ 0; w 0;n j n¼0;s¼1 ¼ 0 ð3:2Þ
The lowest values of the parameters K, X and the critical buckling time t cr are related to the first dynamic buckling mode. From the solution of Wang and Tian (2003a) , the expression of the dimensionless initial buckling deflection w 0 corresponding to the first dynamic buckling mode is written as:
In Eq. (3.3), g is the small amplitude parameter, and other parameters are defined as follows: In Eq. (3.6), e x1 is the increment of the axial strain due to buckling deformation. Assuming that no axial unloading occurs in the transient process of buckling initiation, from Eq. (3.6) we obtain
In the present analysis we use the supplementary restraint condition (3.7b) instead of Eq. (3.17) in Wang and Tian (2003a) . The numerical results of examples in the Section 5 of this paper show that difference caused by this change is small and negligible. By use of the nine restraint conditions as mentioned above, seven of the eight integration constants D 1 , D 2 , D 3 , D 4 , C 1 , C 2 , C 3 and C 4 , and the characteristic parameters K and X can be calculated.
By use of Eqs. (2.3a-c), the axial displacement u 0 of the central line of the bar, at the critical instant t = t cr , is written as follows: If an initial local buckling occurs near the impact end of the bar at the early stage of the process for the elastic and plastic compression waves to propagate towards the free end, the buckling deformation will develop with the propagation of the compression waves. To simplify the theoretical treatment, the present analysis is limited to the post-buckling stage at which the elastic compression wave has not arrived at the free end of the bar. For the slender bar, the effects of shear deformation and rotary inertia are negligible, and the non-linear dynamic equations of the buckling bar are written as
where r x denotes the average axial stress at the cross-section of the bar in the region 0 6 x 6 c 0 t, M x is the bending moment, u denotes the total axial-displacement of the center line of the bar after the buckling, and w is the lateral displacement corresponding to the buckling deformation. The symbol ( ,x ) and ( ,t ) denote differentiation with the coordinate x and the time variable t respectively. Let (u t , w t ) denote the displacements at the instant t, and (u t+Dt , w t + Dt ) denote the displacements at the instant t + Dt, where Dt denotes the small increment of the time variable t. From the instant t to the instant t + Dt, the axial strain increment De x of the central line is expressed as
Then, the dynamic equations (4.1) and (4.2) at the instant t + Dt are written in the forms: Eqs. (4.4a,b) is the system of two non-linear dynamic equations with a moving boundary at the elastic compression-wave front, where A is the cross-sectional area of the bar, and I the moment of inertia of the crosssection. The theory on the dynamic plastic post-buckling is very complicated. To simplify the theoretical treatment, in literatures it is usually assumed that the axial strain rate dominates the extensional strain rate introduced by the bending motion, therefore, no strain-rate reversal occurs until the buckling deformation has developed enough (Hayashi and Sano, 1972a; Lindberg and Florence, 1983 ). On the above-mentioned assumption, the modulus E in Eq. (4.4b) is identical with the strain-hardening modulus E t . In this case, E in Eq. (3.1a) is also taken as the modulus E t , that is, the tangent-modulus theory is applied to the calculation of the critical length L cr and the critical time t cr . When the double-modulus theory is applied to the calculation of L cr and t cr in Eqs. (3.1a,b), E in Eq. (4.4b) is taken as the reduced modulus E r (Bleich, 1952) .
The modulus E in Eqs. (4.4a,b) is determined in accordance with the following expressions:
In Eqs. (4.5a-d), the elastic and plastic loading of the axial stress, due to the propagation of the compression waves towards the free end, and the elastic unloading of the axial stress caused by the buckling deformation are taken into account. The symbol jj denotes the absolute value of the corresponding quantity. For the convenience of analysis, we introduce the following dimensionless quantities and variables: 
The non-linear dynamic equations (4.7a,b) are solved by use of the difference method in the following section.
Initial conditions and boundary conditions for the solution of Eqs. (4.7a,b)
The axial displacement u 0 in Eqs. (3.8a-c) and the dimensionless initial buckling deflection w 0 in Eq. (3.3) are used as the initial conditions, at the instant t = t cr (that is, the instant s = 1), for the solution of the dynamic post-buckling equations (4.7a,b), that is, wj s¼1 ¼ w 0 ; w; s j s¼1 ¼ w 0;s ; for 0 6 n 6 1 wj s¼1 ¼ 0; w ;s j s¼1 ¼ 0 for 1 6 n 6 L=L cr ð4:9a-cÞ uj s¼1 ¼ L cr r u 0 r for 0 6 n 6 L=L cr ð4:10Þ
The dimensionless axial stress r t x at the critical instant t = t cr is calculated by use Eqs. (2.4a-c) and (4.6c).
It is assumed that, at the impact stage before the separation of the impact end from the rigid wall, the impact end of the bar remains perpendicular to the surface of the rigid wall and there is no slide between the impact end and the rigid wall. In this case, the boundary conditions at the impact end are written as uð0; sÞ ¼ 0;
wð0; sÞ ¼ 0; w ;n j n¼0 ¼ 0 ð4:11Þ
As mentioned at the beginning of this section, the present analysis is limited to the post-buckling deformation stage at which the axial elastic wave has not arrived at the free end. The boundary conditions at the elastic compression wave front (x = c 0 (t + Dt) or n = s + Ds) are written as The non-linear differential equations (4.7a,b) are solved by use of the finite difference method and the backward-difference formulas for the time variable s are applied to the solution of the equations. In relation to the reference point (n, s + Ds), as shown in Fig. 2, the For the instant t + Dt (that is, s + Ds), substituting the expressions (4.13a-g) and (4.14a-d) into Eqs. (4.7a,b) for every reference point (n i , s + Ds) gives a system of no-linear difference equations for the undetermined quantities u t + Dt (n i , s + Ds) and w tþDt ðn i ; s þ DsÞ, where i = 1, 2,. . ., including all grid points except the two points at the boundaries of the region 0 6 n 6 s + Ds. The iterative procedure is used to solve the no-linear equation system. The derivatives with respect to the variable n or s in the above-mentioned boundary conditions and the initial conditions are also transformed into the corresponding difference formulas. In the calculation, we take Dn = Ds, that is, Dx = c 0 Dt, and the convergent numerical results are obtained. Lindberg and Florence (1983) reported the plastic buckling experiment of 6061-T6 aluminum-alloy bars to be impacted against a heavy steel slab at the indicated velocities. For a set of bar specimens (Lindberg and Florence, 1983) , the diameter of the cross-section is d = 5.3 mm and the length L = 457 mm. From the experimental data (Lindberg and Florence, 1983) , the yield stress of the 6061-T6 aluminum alloy is r s = 309 MPa, YoungÕs modulus E = 67.5 GPa, and the strain-hardening modulus E t = 1.24 GPa. By use of the theory developed in Sections 2-4, we have investigated numerically the plastic dynamic buckling of six specimens, for which the values of the impact velocity v 0 given by Lindberg and Florence (1983) are list in Table 1 .
Numerical results and discussion
In the calculation, the critical buckling time t cr and the initial buckling mode w 0 are computed by use of the formulas in Section 3, and the post-buckling displacements u and w are calculated according to the solution of Eqs. (4.7a,b). As mentioned in Sections 3 and 4.1, in Eqs. (3.1a) and (4.4b) E is taken as the strain-hardening modulus E t for the tangent-modulus theory and the reduced modulus E r for the double-modulus theory, respectively. Eqs. (4.5a-d) are applied to describing relation between the axial stress-increment and strain-increment, in which both the loading case due to the propagation of the compression waves and the unloading case caused by the buckling deformation are taken into account.
In Table 1 , K is the critical load parameter, related to the first dynamic buckling mode, given by the characteristic-value analysis (Wang and Tian, 2003a) . The critical length L t cr and the critical time t t cr are calculated from the tangent-modulus theory, and L r cr and t r cr from the double-modulus theory. In Table 1 , S tÀmodulus denotes the length of the first half-wave, close to the impact end, in the post-buckling deflection profile at the instant s = 11, which is calculated by use of the tangent-modulus theory, and S rÀmodulus is the length of the first half-wave of the post-buckling deflection profile that is calculated by use of the doublemodulus theory. The average values of the first two half-wave lengths, observed in the experiment of Lindberg and Florence (1983) , are also listed in Table 1 and denoted by S exp . From the data in Table 1 , it will be seen that the values of the critical buckling length and the post-buckling half-wavelength computed from the tangent-modulus theory are closer to the experimental results, in comparison with the values computed from the double-modulus theory. Therefore, in the following we discuss first the numerical results computed from the tangent-modulus theory, and then outline the results obtained from the double-modulus theory.
The numerical results computed from the tangent-modulus theory
The values of the critical length L t cr and the critical time t t cr related to the first dynamic buckling mode, computed from the tangent-modulus theory, are list in the fourth column and fifth column of Fig. 3 , where the amplitude parameter w 0 of is taken as g = 0.01. At the instant t = 91.4 · 10 À6 s, that is s ¼ t=t t cr ¼ 18:24, the elastic compression wave arrives at the free end. As mentioned previously, to simplify the analysis, in this paper the numerical investigation is limited to the dynamic post-buckling stage at which the elastic compression wave has not arrived the free end of the bar.
For the bar B4, the growth and spread of the post-buckling deflection w with the dimensionless time parameter s is shown in Figs. 4 and 5 for g = 0.01. From Figs. 4 and 5, it will be seen that, in the process of the post-buckling deformation, the buckling deflection near the impact end spreads forward with the time and develops from the simplest mode with one half-wave into a series of higher post-buckling modes corresponding to the different post-buckling stages. At the post-buckling stage, the position n = 1 corresponding to front of the half-wave of the initial buckling mode is transformed into the wave-valley of the next half-wave of the post-buckling mode, and then the half-wave of the post-buckling mode remains fixed in position and merely grows in amplitude. Therefore, the length S tÀmodulus of the first half-wave of Table 1 , it will be seen that the values of S tÀmodulus are close to the half wavelength S exp observed in the experiment of Lindberg and Florence (1983) .
The influence of the amplitude parameter g of the initial buckling deflection w 0 on the post-buckling deflection is shown in Fig. 6 . From Fig. 6 , it will be seen that, at a given instant s ¼ t=t t cr , the amplitude of the post-buckling deflection is affected by the parameter g to a large extent, but the value of the parameter g almost has no influence on the waveform of the post-buckling deflection profile. Figs. 4-6 show that, at the post-buckling stage, the post-buckling deformation is still limited to a very short region near the impact end in comparison with the length of the bar, which is in agreement with the experimental results of Lindberg and Florence (1983) (see Fig. 2 .23 in Lindberg and Florence, 1983) .
At the several different instants of the post-buckling stage, the average axial stress at the cross-section of the bar B4, due to the propagation of the elastic and plastic compression waves, is shown in Figs. 7-9. As shown in Figs. 7 and 9 , the axial compression stress in the region covered by the elastic and plastic compression waves increases with the time until the instant s = 10. In comparison, the increase of the stress in the region covered by the plastic wave is more obvious. From Figs. 8 and 9 , it is found that the perceptible unloading of the axial compression wave appears in the region near the impacted end after the instant s = 12, and the amplitude of unloading and the length of the unloading region increase with the growth of he post-buckling deflection.
At the several different stages of the post-buckling process, the maximum bending stress at the cross-section of the bar B4, related to the post-buckling deflection, is shown in Fig. 10 . From the comparison between Figs. 9 and 10, it will be seen that the appearance of the bending stress is limited a narrow region near the impact end, and amplitude of the bending stress is small in comparison with the axial stress at this stage. To examine the validity of the tangent-modulus theory for describing the relation between the bendingmoment and curvature in the dynamic plastic post-buckling deformation, the increments of the average axial stress and the maximum bending stresses corresponding to the time increment Ds = 1 at the different post-buckling stages are calculated, and the comparison is shown in Figs. 11-16. From Figs. 11-13 and 16, it will be seen that, at every cross-section in the region where the bending stress is produced due to the buckling deformation, the amplitude of the axial compressive-stress increment is larger than the increment of the maximum bending stress for the post-buckling stage corresponding to the duration from s = 1 to s = 10. Therefore, at this stage, no strain-rate reversal occurs in the bar and the solution corresponding to the tangent-modulus theory is valid for the dynamic plastic post-buckling response. After the instant s = 12, the unloading of the axial compression waves appears in the region near the impact end and the unloading region extends towards the inside of the bar with the growth of the buckling deformation, as shown in Figs. 14, 15, 8 and 9 . In the unloading region, where strain reversal takes place on the convex side of the bar, the bending stiffness of the bar increases, becoming partly governed by the elastic modulus E. For this part of the bar, the application of the tangent-modulus theory will result in that the computed bending stiffness is smaller than the actual stiffness and the computed buckling deflection is larger than the actual. Considering that in Eqs. (4.5a-d) both loading and unloading cases of the axial stress are taken into account, the present solution developed by use of the tangent-modulus theory still can be applied to determining qualitatively the post-buckling behaviors of the bar after strain reversal occurrence.
The numerical results computed from the double-modulus theory
The values of the critical length L r cr and the critical time t r cr related to the first dynamic buckling mode, computed from the double-modulus theory, are list in the sixth and seventh columns of For the bar B4, the growth of the buckling deflection w with the time parameter s, calculated by use of the double-modulus theory, is illustrated in Fig. 17 . From the Figs. 4, 5 and 17, it will be seen that, from the double-modulus theory, we obtain the same buckling-growth pattern as that computed by use of the tangent-modulus theory.
At the several different instants of the post-buckling stage, the axial stress in the bar B4, computed by use of the double-modulus theory, is shown in Figs. 18 and 19 . Fig. 18 illustrates the same loading phenomenon of the axial compression waves as that in Figs. 7 and 9, for the earlier stage of the post-buckling process. If we lengthen the bar, the unloading phenomenon of the axial compression waves will be discovered again from the calculation by use of the double-modulus theory, as shown in Fig. 19 , which appears in the local region near the impact end after the instant t=t t cr ¼ 12. 
Conclusion
In order to clarify the developmental mechanism of the local plastic buckling and the interaction between the axial wave and the buckling deformation in an axially impacted slender-bar, the initial plastic local-buckling deflection, with a small amplitude parameter, obtained by the characteristic-value analysis is taken as the initial condition of the solution for the dynamic post-buckling response, instead of the initial imperfection distributed along the entire bar that is assumed in the literatures. The non-linear dynamic equations in the incremental form are derived and solved by use of the finite difference method, with the axial wave front treated as a moving boundary.
It is assumed that the bar is made of the linear strain-hardening material. The tangent-modulus theory and the double-modulus theory are applied, respectively, for describing the relation between the bendingmoment and curvature in the plastic post-buckling deformation. In the relation between the axial stressincrement and strain-increment, both the loading case due to the compressive-wave propagation and the unloading case caused by the buckling deformation are taken into account. The validity of the theory is examined carefully by the numerical investigation.
The investigation results show that the initial buckling deformation with one half-wave, which occurs near the impact end at the critical instant, develops into the higher post-buckling mode with several half-waves, as the axial elastic and plastic compression waves propagate forward in the impact process. The position corresponding to the half-wave front of the initial mode is transformed into the wave-valley of the next half-wave of the higher post-buckling mode, so that the length of the first half-wave of the postbuckling mode is shorter than the half-wave length of the initial mode. The post-buckling deformation is still limited to a very short region near the impact end in comparison with the length of the bar, which is in agreement with the experimental results of Lindberg and Florence (1983) .
At the early stage of the pot-buckling process, the average axial-compression-stress at the cross-section in the region covered by the elastic and plastic compression waves increases with the propagation of the compression waves towards the free end. When the post-buckling deflection develops large enough in the local region near the impact end, the unloading of the axial compression wave appears in this region and the unloading region extends towards the inside of the bar with the growth of the post-buckling deformation.
The bending stress produced due to the buckling deformation is limited a narrow region near the impact end for the slender bar under the axial high-velocity impact. Before the unloading of the axial compression wave occurs, the increment of the average axial-compression-stress at the cross-section, corresponding to a time increment Dt, exceeds the increment of the maximum bending stress computed from the tangentmodulus theory, so that no strain reversal occurs in the bar. Therefore, the present solution for the dynamic post-buckling response, corresponding to the tangent-modulus theory, is valid for the post-buckling stage before appearance of the unloading of the compression wave. Considering that, in the non-linear dynamic equations, both loading and unloading cases of the axial compression waves are taken into account, the solution still can be applied to determining qualitatively the dynamic post-buckling behaviors of the bar after appearance of the unloading of the axial compression wave.
